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Abstract 

We prove that the resonances of long range perturbations of the (semiclassical) Laplacian 
are the zeroes of natural perturbation determinants. We more precisely obtain factorizations 
of these determinants of the form Yl w= resonances ( z ~ w) exp(ip p (z, h)) and give semiclassical 
bounds on d z ip p as well as a representation of Koplienko's regularized spectral shift function. 
Here the index p > 1 depends on the decay rate at infinity of the perturbation. 

1 Introduction and results 

One of the main purposes of Scattering Theory is the study of selfadjoint operators with abso- 
lutely continuous (AC) spectrum. This corresponds physically to extended or delocalized states, 
by opposition to the localized or confined states which give rise to discrete spectrum. A typical 
mathematical example of confining system is given by the Laplacian A g (or more general elliptic 
operators) on a compact riemannian manifold: here, the states (ie the eigenf unctions) are clearly 
localized by the compactness assumption and the spectrum is a non decreasing sequence of eigen- 
values tending to infinity. 

Quite naively, A g can be viewed as an infinite dimensional analogue of an hermitian matrix 
A = A* on C N . In that case, the spectrum of A is given by the roots of the characteristic 
polynomial Det(^4 — z). It is elementary to check that, for z in the upper half plane, 

Det(4 - z) = exp (d s tr{A - z)f fl=0 ) , (1.1) 

so Det(A — z) can be defined as the analytic continuation (with respect to z) of the right hand 
side of Ijl.lj) to the complex plane. This is an elementary version of the classical definition of 
determinants via a Zeta function (here tr(/l — z) s ), which is used in infinite dimension, typically 
for elliptic operators on compact manifolds as initially introduced by Ray and Singer [25] . Avoiding 
any technical point at this stage, we simply recall that such a definition is build from an analytic 
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continuation of s i— ► tr(A 9 — z) s , using that (A g — z) s is trace class at least for Re(s) sufficiently 
negative, which uses crucially the discreteness of the spectrum of A g . 

In this spirit, the first goal of this paper is to realize the resonances of Schrodinger operators 
with AC spectrum, as the zeroes of a determinant defined via a certain Zeta function. 

Let us informally recall that, if H = Hq + V with Hq = —A on K d and V a perturbation 
tending to at infinity, the resonances are the natural discrete spectral datum of the problem. 
They can be defined as the poles of some meromorphic continuation of the resolvent of H and thus 
can be considered as the analogues of the eigenvalues for confining systems. Notice however that, 
apart from possible real eigenvalues, resonances usually refer to complex poles. 

The problem of defining resonances as zeroes of determinants is very natural and has already 
been considered by several authors, in connection with the important question of their distribution 
[31)1 1551 [TT1 [T2"l 1251 |2"4"1 1251 [TBI [51 01 [J5] . In these references, various determinants are used such as 
absolute determinants or relative determinants, determinants of the scattering matrices. In this 
paper we will basically study relative determinants. The corresponding construction is fairly well 
known in the relatively trace class situation, ie when (H — z)~ k — (Hq — z)~ k is of trace class, that 
is when V decays sufficiently fast at infinity and we refer to [22] for a nice review on this case. The 
main point in this paper is to consider determinants for slowly decreasing perturbations of long 
range type. We first recall some well known facts. 

When V — V(x) is a potential (or possibly a first order differential operator), a natural candi- 
date for our purpose can be the so called perturbation determinant (see 35 ) defined by 

D p (z) = D p {H Q ,H; z) := Det p ((H - z)(H - z)' 1 ) = Det p (I + V(H Q - z)' 1 ) , (f .2) 

where Det p is the Fredholm determinant of order p which is defined as follows (see p, 35 for more 
details). Given a separable Hilbert space (here L 2 (R d )), one defines the Schatten class of order 
p > 1 as the space S p of compact operators K whose singular number^] form a sequence in l p (N) 
(for p = oo, Soo is the class of compact operators). The most classical examples are Si, the trace 
class, and S2, the Hilbert-Schmidt class. Then, if K £ S p , the spectrum of K is also in l p (N) and, 
if p is an integer, one sets 

Bet p (I + K) := JJ(l + A fe )exp | ^IzI^aH , (A fc ) fe > = spec(K), (1.3) 

k>0 \j=l J J 

where the product is convergent since the Weierstrass function on the right hand side is 1 + 0(\ p k ). 
If V tends to zero with rate p > 0, ie 

\V(x)\ < C{x)-", (1.4) 

it is classical that 

V(H - z)- 1 e S p if min(2,p) > d/p. (1.5) 

For instance, in dimension d = 1 with V of short range, ie p > 1, V(Hq — z)^ 1 is trace class and one 
can define Di(Hq, H; z), which is essentially the framework of [Hjr2S]. The Fredholm determinant 
of order 1 is a rather popular tool for several reasons. For instance, it satisfies the formula 

Deti ((J + Ki)(I + K 2 )) = Dcti (I + Ki) Detj (I + K 2 ) , 

1 \e the spectrum of \K\ := (X*^) 1 / 2 
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as in finite dimension. This formula doesn't hold for p > 2 (one needs then to add correction 
factors). Also, formula (|1.3[) shows that for p = 1, we have a 'pure' factorization of the determinant 
of / + K by its eigenvalues 1 + A& . It is nevertheless necessary to consider Fredholm determinants 
of higher order. Indeed, even for compactly supported potentials, V(Hq — .z) 1 is n °t °f trace class 
in general when d > 2 (basically V(Hq — z)~ k 6 Si if k > d/2 and p > d). Furthermore, even for 
d = 1, one also needs to consider p ^ 1 to deal with long range potentials, ie when < p < 1. 

There is in addition a major drawback in the definition (JTT3J) : it is restricted to relatively 
compact perturbations. In particular, we can not consider V that are second order differential 
operators. 

One can overcome this difficulty by defining relative determinants via relative Zeta functions. 
This construction was first introduced for relatively trace class perturbations, ie basically for per- 
turbations with coefficients decaying like (| 1 .4|) with p > d (see [35] for references) and was then 
extended in [6, 7 J to general p > 0, using an original idea of Koplienko [25] . We recall this 
construction. Let V be a differential operator of the form 

V=J2 v a (x)D a , D = -id x , 

\a\<2 

symmetric on L 2 (M. d ) such that —A + V is uniformly elliptic, whose coefficients are smooth and 
satisfy 

\d p v a {x)\ < Cp{x) ~ p , xeR d , (1.6) 

for some p > 0. We shall further on consider semiclassical operators, ie replace D by hD with 
h G (0,1], and all the results quoted here for h = 1 will still hold. One defines the so called 
regularized spectral shift function £ p 6 <S'(R) (see 0[7]) as the unique distribution vanishing near 
— oo such that 

(£;,/} =tr (f(H + V) -J2j^jf(Ho + sV) {£= ^j , (1.7) 

for all Schwartz function /, or more generally / G 5 _fe (R) (ie d 3 x f(X) — (9((A) -fe- - ? )) with k large 
enough. For p = 1, we recover the well known Krein spectral shift function. For p > 2, this trace 
regularization by Taylor's formula is due to Koplienko [T5]. We also refer to the recent paper [J3] 
for a general introduction to Koplienko's regularized spectral shift function in connection with 
determinants. See also [2Q1E2I2] in the one dimensional case. 

Denoting by (• — z)~ s the map A i— > (A — z)~ s , it is shown in [7] that the regularized Zeta 
function, 

C P («, z) := (e p , (• - z)- s ), Im(z) > 0, Re(s) » 1 
has a meromorphic continuation, with respect to s, which is regular at s = 0. This allows to define 

B$(z) = D« (So, ff + V; z) := cxp (-9 s C P (s, «)|,= ) , 

which is holomorphic for Im(z) > 0. The notation Z>| is justified by the fact that 

{H Q , H Q +V;z) = D p (H , H + V;z), (1.8) 
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when V is a potential (see [7]). In other words, the definitions of the perturbation determinant 
by Fredholm determinants and regularized Zeta functions coincide if they both make sense. In 
addition, one proved in [7] that, in the distributions sense, 

^arg^(A + *e)^-<(A), e 1 0. (1.9) 

For this reason, £ p is also called generalized scattering phase of order p. The above formula is well 
known for £i and was initially proved in [T7J (see also [3J). See also [TDl I2DI IT5] for p > 2. Note the 
parallel with the finite dimensional analogy of the very beginning of this paper: for an hermitian 
matrix A on with spectrum Ai, . . . , Ajv, one easily sees that 

d N 

— arg Det(A - A - ie) -f -tt ^ S(\ - X k ), el 0, 

fc=i 

where the right hand side is — n times the derivative of the eigenvalue counting function, ie the 
analogue of the spectral shift function for a discrete spectrum. This also suggests that if the 
resonances of Ho + V are indeed the zeroes of (a suitable meromorphic continuation of) Dj,(z), the 
derivative of £ P (A) should involve a function (and/or a measure) with singularities carried by the 
resonances. Such a result is sometimes referred to as Breit-Weigner formula and is already known 
for p = 1 (see [S] and the references therein). In this paper, we shall prove it for general p > 1. We 
will also give semiclassical bounds. 

Throughout this paper, we shall use the definition of resonances and some related results given 
in [3D] (see also [SI]). The definition is basically taken from the original paper by Sjostrand-Zworski 
[33] and the other useful results of [3D] come from a simplification of the proof of the trace formula 
|29j . Before stating the results, we fix the notation and some definitions. 

For < 6> < 7r, i?o > and e > 0, we set 

£(0o, Ro, eo) := {ruj ; cu e C d , dist(w, S^ 1 ) < e„, r £ S°' e °^ (Rq, +oo)}. 

Definition 1.1. Let p > 0. We define C p (9o, Ro,€q) as the set of smooth functions v on R d which 
have an analytic extension to ^(9q, Rq, cq) such that 

\v(x)\ < C(x)-", x e £(0 O , Ro, eo)- (1.10) 

Here (x) = (1 + la^ 2 ) 1 / 2 . A family (w t ) te / is said to be bounded in C p (9a, Ro, eo) if it is bounded in 
C°°(R d ) and if the constant C in H1.10]) is uniform with respect to i € I. 

We consider perturbations of Ho(h) = —h 2 A by second order differential operators of the form 

V(h) = v a (x,h)(hD) a , (1.11) 

\a\<2 

depending on a small parameter h > 0. We assume that, for some ho > 0, the coefficients are such 
that, for all \a\ < 2, 

(v a (;h)) he (p,h ] is bounded in C P (9 Q , Rq, e ), (1.12) 
and such that, for some c > 0, 

v a (.,h) doesn't depend on h if \a\ — 2, (1-13) 
l£| 2 + J2 v »(x)C >c|£| 2 , x£R d ,£ER d . (1.14) 

|a|=2 



4 



We also assume that 

V(h) is symmetric on C£°(R d ) . (1.15) 

These assumptions imply that Hq{K) + V(h) is selfadjoint on L 2 (M. d ) with domain H 2 (M. d ) the 
usual Sobolev space. 

The assumption (JTTT2J) implies that the coefficients of V must be smooth on K d . This is mostly 
for convenience, to simplify the analysis, but we expect that some local singularities could be 
considered as well, using for instance the black-box formalism of Sjostrand-Zworski [32] • Notice 
however that, apart from the special case p — 1 , we have to consider operators of the form Ho + eV 
hence with Hq and V defined on the same space. In particular, the generalization of the present 
results to perturbations by obstacles (+ long range metrics or potentials) would require a modified 
approach. 

Notation. We shall mostly write Hq, V for Ho(h) and V(h). When no confusion will be possible, 
V will also denote the family of operators (V(h))o<h<hi- Such a family will sometimes be denoted 
by {V(h))h<g,i to mean that it is of the form (V(h))o<h<hi f° r some hi > 0. 

It is convenient to summarize the above properties in the following definition. 

Definition 1.2. We say that V = {V(h)) he ( Q hl ] belongs to V p (9o,Ro,eo) if it satisfies U.12\) , 
U.13]). jl.l4\ ) and M.15\). A family (Vjte/ = (V L (h)) he(QM] ^ eI is bounded in V p (6> , Rq, e ) if 
the families of coefficients M)fte(o,/til,t€.r are bounded in C p (9q, Rq, 6q) for all a and if the 

constant c in \1. 1$ can be chosen independently of i. 

Remark. To state this definition, we have explicitly fixed the range of h, namely (0, hi], but we 
will also freely write that V = (V(h))h<^i belongs to V p (8 , Rq, e ) to mean that, for some h\ small 
enough, (V r (/i))/ ie ( hi] G Vpi^o, R-o, eo)- A similar slight abuse of notation will be used for families 
(KW= (KWWver- 

Obviously, any v £ C p (9o, Rq, eo) satisfies (|1.6|) . Therefore, using the results of [6], we can define 
the generalized scattering phase £ p (., h) associated to —h 2 A and V(h), provided 

pp > d. 

We can then define the regularized Zeta function C P (s, z, h) by 

( p ( S ,z,h) = (Z' p (.,h),(.-zy s ), lm(z)>0, Re(s)»l. 

According to [7], ^ p (s,z,h) can be continued analytically at s = and we can define the relative 
determinant of order p 

D p( z 7 h ) cxp(-d s Cp{s, z,h)\„ =0 ) , Im(z) > 0. (1.16) 

We note that, for more precise purposes, the analytic continuation (in s) of the Zeta function will 
be reviewed in Section [2] 

The determinant D^(z,h) is our candidate to become the 'characteristic polynomial' of the 
resonances of H + V. 

We now briefly recall the definition of resonances of [301132] (see Section 0] of the present paper 
for precise statements). Let #o S (0, %), e > such that e < 2tt — 29q and consider a relatively 
compact open subset 

H^e'(- 29 »^(0,+oo) (1.17) 
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which is simply connected and such that 

f2 (~1 (0, +00) is a non empty interval. (1-18) 

The resonances of Hq + V in fi are by definition the eigenvalues in e - l [°J 2e o)(o,+oo) p ^ f som e non 
selfadjoint operator Hq(0o) + V(Qq) obtained by analytic distortion. We denote by 

Res(i?o + V, ft) := set of resonances of Hq + V in f2, 

which is a finite set depending on h. We recall here that, for the operators considered in this paper, 
we have the following Weyl upper bound for the number of resonances in f2 (see for instance |30j ) . 

#Res(H + V, CI) < Ch~ d , h<l. (1.19) 

Note that they are counted with multiplicity and that the multiplicity of each resonance is well 
defined as the rank of a certain projector (see Section H|) which is non orthogonal in general. 

Our first result is the following. 

Theorem 1.3. Let p > 0, V E V p (6q, Ro, eo) and p > d/p. Then, for all h <C 1, D^(z,h) has an 
analytic continuation from 

Cl+ := ftne i(0 ' e) (0,+oo) (1.20) 

to CI, of the form 

D c p (z,h) = I ] (z - w) x exp((p p (z, h)), zeCl, 
weRcs(H +v.n) 

where each resonance is repeated according to its multiplicity and the function z 1— > tp p (z,h) is 
holomorphic on O. 

The proof is given in subsection 15.11 

Notice that the function ip p (z, h) is uniquely defined up to a multiple of 2iir of the form 2ik(h)ir. 
By (|1.9|) , an immediate consequence of Theorem 11.31 is the following Breit-Wigner formula. 

Corollary 1.4. With the notation and assumptions of Theorem \1.3\ for all h <C 1 we have 

weRcs(H +v,n)nR weRcs(H +v,n)\m ' ' 

in the distributions sense on f2 (~1 (0, +00). 

Here A is restricted to (0, +00), but it is well known that 

e p (\,h)= Yl S(X-w), A e On (-00,0), 

w£a-(H + V) 

where a~ (Ho + V) = o-(Hq + V) H (— 00, 0) is the set of negative eigenvalues of Ho + V (see [1] for 
instance but this is anyway an elementary consequence of the definition (|1.7j) ). 

This corollary becomes of real interest if one has estimates on d z tp p . This is the purpose of the 
next results. 
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Theorem 1.5. Assume that V E V p (0q, Rq, €q) with p > d/p and 

p = 1 or p = 2. 
Then any tp p as in Theorem ] 1.3\ satisfies, for any compact subset W (g fi, 

\d z (fi P (z, h)\ < C w h- d , h<l, zeW. (1.21) 

This theorem is proved in subsection [521 In Section [3 we also prove that a similar result holds 
for p > 3 if we assume that V is dilation analytic. However Theorem 11.51 is sharp in general for 
non globally analytic perturbations as is shown by Theorem II .61 below. 

Fix first 

W = {z — re~ ie eC; 1 < r < 4, < 6 < tt}, 

and observe that, for n/2 < 9q < tt and all e > small enough, W is clearly contained in a simply 
connected open set f2 satisfying (|1.17p and (|1.18p . This neighborhood can be chosen close enough 
to W so that we can define a determination of the square root z 1 / 2 , with (re -16 *) 1 / 2 = r^^e^ 1 ®! 2 
on W hence so that 

lm(2 1/2 ) < on W. 

Theorem 1.6. In dimension d — 1, for all V € Cq°(K, M), V ^ 0, we can find 6 > such that, 

limsup sup \he 5lm ( zl/2 V h d z tp 3 (z, h)\ = +oo. (1.22) 

fc->0 z£W 

In particular, \hd z (pa(z,h)\ can not be bounded on W uniformly with respect to h. 
The proof of this theorem is given in Section [H] 

We next give a general bound on d z (p p involving the distorted operator Hq{9) defined in Section 
H] and the semiclassical Sobolev space defined by (|3.ip . We recall that Hq (9) — z is invertible for 
all ^ <gC 1 and z € fi. 

Theorem 1.7. Under the assumption of Theorem \1.3l there exists N > such that, for all W <s Q, 

/ \ N 

Id^piz^h^KCwh^suph + WiH^-Z)- 1 ]]^^,,) , zeW. 

In general, ||(i?o(^o) — 1 \l 2 ^h 2 - ^ s °^ order 0(e ch 1 ), locally uniformly with respect to 
Z (see Proposition I4.7|) . However, Theorem 11.51 shows that the corresponding exponential upper 
bound on d z ip p can be much improved if p = 1,2 (and p > 3 if V is dilation analytic, see Section 
E}. Note also that Theorem ll.6l can be interpreted as a weak exponential lower bound. 

Theorem 11.71 is proved in subsection 15. II 

To motivate the analysis developed in the next sections, let us already show that most of the 
results above will essentially be reduced to the study of ( p (k, z, h), for some k large enough. 
The basic strategy is the following. Using (|1.16[) . we have 

d k z log D^ p (z, h) = -d k z d s Cp(s,z,h) [s=0 , k>l, zen+. (1.23) 

Here and below d\ log g stands for d k ~ 1 {g l / g), for any non vanishing holomorphic function g. On 
the other hand, at least for k > d/2, we also have 

d k z d s C P (s, z, % =0 = (k- 1)1 Cp(k, z, h), (1.24) 
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as will be proved in Section[5](see (|2.10p and the discussion thereafter) and is formally a consequence 
of the identity, 

d k z d s {\ - z)-; =0 = (k — 1)!(A - z)- k . (1.25) 
Fix then zq 6 In Section [2] (see Proposition [23} we shall also prove that, for all v > 0, 

\d» +1 d s ( p ( S , z , % =0 | < Ch~ d , h < 1. (1.26) 
In addition, by (|1.19[) . we have, for all v > 0, 

^2 \zq ~ w\-' J - 1 < Ch~ d , (1.27) 

weB,es(H +V,Q) 

since \zq — w\ > 1. These are the essential tools of the reduction given by Proposition 11.81 be- 
low. Before stating it and to consider the different possible estimates for d z ip p , we introduce the 
following. Let 

74oi(fi,/ii) : = {(<£(•! h ))he(0Jn]}> 
be the space of /i-dcpcndent families of holomorphic functions on fi. Let 7i(H, hi) be a subspace 
of Tihoi(^) ^i) such that 

(O/veCo.ftx] e«(n,fti), (1.28) 

and which is stable by taking the primitive, ie such that for all (</>(., h))fce(o,/n] G Whoi(^j ^i) and 
some zq G O, 

(</>'(•, ^))fce(o,fci] e W(fi, hi) => (0(., h) - 0(z o , WfceCo.hJ G W(fi, hi). (1.29) 

Note that, if zo is such that \<fi(zo,h)\ < h~ d , and by using (|1.28p . one can replace (|1.29p by 
(f(.,ft))/, £ (o,/ ll ] G W(0,/n) =► (^(.,A)) fc g(o,h I ] G W(0,/ii). 

Example. The space 7ihoi(^,^i) itself or the subspace of functions such that, for all W (e f2, 
|</>(z, /i)| < Civft^ for all z e W and /i 6 (0, hi] satisfy (fL2"g)) and ([T29"]) . 

Proposition 1.8. If we can find hi > small enough, k > 1 and p e W(fi, hi) such that 

( p (k,z,h)= J2 ( w -z)k + ^ z > h ^ zeSl+, he{Q,hi], (1.30) 

then Theorem \1.3\ holds true with <p p such that d z <p p € H.(Q,hi). 
Proof. Setting for simplicity 

D = Dt(z,h), F= l[ (z-w), 

weRes(Ho+V,n) 

which arc holomorphic and don't vanish on + , fj 1 . 23[> . (|1 .24|) and (jl.30[) give 

dt 1 {^-^f)=-(k-m P , onO+. (1.31) 



If k — 1, we therefore obtain 

d z D d z F 



GW(0,/n), (1.32) 



D F 

which implies easily the result. If k— 1 > 1, we denote by $ p the (k — l)-th primitive of — (k — l)\<j) p 
(ie d*- 1 ^ = -(fc - 1)!0 P ) such that 

5r$ p (z , h) = fl£ - ^) (z , ^, < v < k - 2, 

where zq is chosen arbitrarily in f2 + . The existence and uniqueness of $ p is guaranteed by the 
simple connectedness of SI. By ()1.26p and (|1.27p . we have 

\dZ* p (zo,h)\ <Ch~ d , 

and this implies, together with (|1.28p and (|1.29p . that 

<f> p eH(Q,hi) f p e«(0,ft 1 ). 

Thus (|1.31|) imply that (|1.32p holds also if fc — 1 > 1 and we get the result. □ 

2 The Zeta function 

In this subsection, we review the construction of the meromorphic continuation of s i— > £ p (s, z> h). 
Although the latter was shown in [7] (for fixed h) , we need to review the main lines of the proof 
in order to prove the identity (|1.24p and the estimate (|1.26p . 

We start with general considerations. Using the principal determination of log on C \ (— oo, 0], 
we can define (A — z)~ s for s G C, A G R and z G C \ [A, +oo). One can then check that 

(A - z)- s = -— / f-V^-^dt, Re(z) < A, Re(s) > 0, (2.1) 
T(s) J a 

since both sides are holomorphic with respect to z and the equality holds for z G (-co, A) by 
an elementary change of variables in the definition of T(s). Next, if u G <S'(R) is a temperate 
distribution such that, for some Ao > 0, 

supp(u) C [A ,+oo) (2.2) 

we can consider its Laplace transform Lu{t) := (u, e - * } (e - * - stands for the map A i— » e~* A ), and, 
for all 8 > 0, 

< C 4 e- t(A °- 4) , t>0. (2.3) 

Furthermore, using that |(tt,/)| < Csupj +k<N sup AgR |A J 9^/(A)| for some N and all / G <->(R), 
(u, /) is still well defined if /(A) = (A — z)~ s with Re(s) > s large enough and Re(z) < Ao- If in 
addition, we know that 

\Lu{t)\ < cr d / 2 , te(o,i] (2.4) 

then, one has 

1 /"+ 00 

(u, (• - z)- s ) = —— / Lu(t)e tz t s - l dt, Re(z) < A , Re(s) > max(s , d/2). 

r(s) 7 
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Note that the power d/2 could actually be any arbitrary real number but, in the applications 
below, we shall need only to consider this case. If (|2.4[) is replaced by the stronger assumption 
that there is an asymptotic expansion at t — 0, namely that, for all J > 0, 

Lu(t) = a 3 t- d ' 2+ il 2 + t- d ' 2+J / 2 bj{t), \b,,{t)\ <C, te (0, 1], (2.5) 
j<J 

then we can write, for Re(z) < Ao and Re(s) > max(so, d/2), 

(u, (• - z)- s ) = I{s, z) + IIj{s, z) + IIIj(s, z), (2.6) 

with 

I(s,z) = — / Lu^eH^dt, 

Hj(s,z) = f 1 bj(t)eH- d / 2 +-'/ 2 +^dt, 

T ( s ) Jo 

IIIj(s,z) = lj2 a i t * tZt - d/2+j/2+S - ldt - 

By choosing J > d, both I and IIj are holomorphic close to s = 0. Thus, using the fact that 
dT~ 1 (s)/ds = 1 at s = Q and that T _1 (s) vanishes at one sees that, for all k > 1, 

d<:d s F(s,z) ls=0 = r{k)F(k,z) = (k- l)\F{k,z), Re(z)<A , (2.7) 

for F = I and F = II j. The term IIIj can be computed explicitly, namely, 

r(-) x m j(s , ,) = £ aj £ ^ + j/2 V d/2 . (2.8) 

At s = 0, there is at most a simple pole, which corresponds to the terms where j/2 + 1 — d/2 = 0. 
Thus IIIj(s,z) is regular at s = 0. This shows the existence of a meromorphic continuation to 
the complex plane for 

s i > (u, (• - z)~ s ) =: Z(s, z), 
which is regular at s = 0. Furthermore one has, 

d h z d s IIIj{s, 2 )| S=0 = (k - l)\IIIj(k, z), k > d/2, (2.9) 

(with k integer) since this derivative only involves terms with / > d/2 in (|2.8|) . Hence, using (|2.7p . 
we also have 

^a s Z(s,z)| s=0 = (fc - l)!Z(fc,z), Re(z)<A , k > d/2. (2.10) 
Note that, if u is compactly supported, (|2.10[) is a direct consequence of the identity (|1.25p . 

When u = £' , the existence of a meromorphic continuation in s for Q p (s,z,h) is a consequence 
of the existence of an expansion of the form ()2.5() proved in [6]. Notice that altering Lu(t) by 
an analytic function in t will not destroy the form of this expansion. There is no restriction on 
Re(z) since, for all Ao G K, £' p can be written as the sum of a compactly supported distribution 
and a temperate distribution supported in [Ao,+oo) for which (|2.5p still holds since the Laplace 
transform of the compactly supported distribution is analytic in t. 

In particular, for u = £' p , the relation (|2.10jl yields (|1.24p . 

We now consider (|1.26p . 
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Proposition 2.1. For all zq G £1 + and all integer v > 0, il.26}) holds. 

Proof. We shall see that the result follows from the following two facts: the existence of a semi-norm 
(independent of h) of the Schwartz space <S(M) such that 

<Ch- d U\\ s , ^6<S(R), he(0,ho], (2.11) 

and the existence of an expansion of the form 

to/0,e-*W) ~t- d / 2 ^ aj (h)t j / 2 , i->0, with a,(/i) = 0(/i- d ). (2.12) 

The latter means that the difference between the left hand side and the sum truncated at the order 
A/ is bounded by CTi-'^ 1 -'')/ 2 , fort G (0,1] and h £ (0,h ]. Indeed, by writing^ = x£p+(l~x)£p 
with x G Co°(K) such that x = 1 on a large enough compact set, we may assume that (1 — x)£' P 
is supported in [Ao,+oo) with Ao > Re(zo)- Therefore, using (|2.1ip . (|2.12p and the discussion 
prior to Proposition ^. 1[ we see that (x£p(h), (' — z )~ s ) as we ^ as the terms 1(h), Ilj(h), IIIj(h) 
corresponding to u = u(h) = (1 — x)£p(/i) are 0(h~ d ) uniformly with respect to s close to and z 
close to zq which gives the result. 

The proof of (|2.11j) can be found in [6] so we only consider (|2.12p . For the latter, the main 
remark is that, for all e G [0, 1], 

-t(H + eV) = {ht 1 ' 2 ) 2 A - eV(h, i 1/2 , x, ht x ' 2 D) 

with 

2 

v(h,tV 2 , x ,o = j2 tl ~ i E *0£ Q 

i=0 \a\=l 

where the v a are defined by p. lip . By reviewing the proof of Proposition 3.1 in [3] with ht 1 / 2 as 
new semi-classical parameter, we see that, for all M, we have the following expansion 

\ 0=0 J ' £ ) q<M 

+{ht 1 ' 2 ) M - d R M {t 1/2 ,h), 

with R M {t 1/2 ,h) = 0(1) for h £ (0, ho] and < t < 1. The coefficients d q {t x l 2 , h) are smooth at 
with respect to t 1 / 2 and bounded with respect to h G (0, h$] as well as their derivatives so f|2 . 1 2[) 
follows. □ 

3 Trace class estimates 

In the sequel, we shall use the notation Op^ (a) for standard /i-pseudodifferential operators of the 
form 

Opt{a)u{x) = (2Tr)- d J J e«*-Ma (^»^) <y)d^dy, h G (0,fto], 
with symbols a G S^'" , \i, v G M, namely such that 
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We refer for instance to [5TJ [TU] for the proofs of the standard results we shall use below on 
the analysis of such operators. We equip S^'" with its standard Frechet space topology given by 
the seminorms defined by the best constants G a p. 

We also define the following semiclassical weighted Sobolev spaces 

H s s f := (x)-°{hD)—L 2 (R d ), s,a e K, 

equipped with the /i-dependent norm 

|H| ffsr :=\\{hDy{xyu\\ LHmd) . (3.1) 

Notice that 

H*i a C H%° C L 2 (R d ), if s > 0, ct > 0. 
In this section, we will consider /i-dependent families of symbols 

a = (a(h)) hmho] , a(h) £ S 2 <° for all h £ (0, ho]. 

Most of the time, we shall assume the existence of C > such that, for all h £ (0, ho], 

\a(h,x,0\ > C^ 1 ^! 2 , xeM d , |£|>C. (3.2) 

When a = (a(/i))h£(o./i ] or 6 = (b(h))h,eio,ha], we shall adopt the short notation 

A = Opt(a(h)), B = Opl{b{h)), 

for all h e (0, /iq]. 

In the next proposition, B denotes a subset of (5' 2 ' )( '' lo l, namely a set of families (a(/i))/ te (o,h ]) 
uniformly bounded in S* 2,0 , ie such that {a(h) ; /i £ (0, /io],o £ £>} is bounded in S 2 ' . We also 
assume that (|3.2I) holds for all a£6, with a constant C > independent of a. 

Proposition 3.1. Assume that, for all a £ B and all h £ (0, ho], 

A : H 2 f -> L 2 (R d ) is invertible. 
Then, for all s > and cr > 0, t/ie restriction 

A sa = A\jjs+2,<t 

is bounded from iJ i f c +2 ' <T to with bounded inverse such that 

A-l^A- 1 ^. (3.3) 
Furthermore, there exists C StCr > such that, for all h £ (0, ho] and all a £ B, 

\\ A s,i\\ HSi ^ Hi +^ < c s ,„ (i + ||A- 1 || za ^.o) w+1 , (3.4) 

with [a] the smallest integer > a . 

The equality Q3.3p means that we can consider A~ x as an operator from H^f into H i f c +2 ' <J and 
p.4p gives an estimate on the corresponding norm. Abusing the notation, this proposition will 
allow us to denote A~ x instead of A ~ \ in the sequel. 
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Proof. The boundcdncss of A SyCr follows from the L 2 boundedness of 

{hDy{xyOpt{a{h)){x)-°{hD)-°- 2 =: Opt{b s>rT {h)) 

since b s ^(h) so defined belongs to S°'°. If a > 0, we consider next <ti := u/[cr] G [0, 1]. Then, by 
the resolvent identity, 

A^ix)" 1 = (a) 01 A -1 - A -1 [A, (xY^A- 1 

where [A, (x)" 1 ] — Op^(a ai {h)) for some symbol a ai (h) G S 1 ' depending continuously on a(h). 
Thus 

{xy^A- 1 (i + [a, {xy^A-^xy 71 ) = a- 1 {x)- cti 

shows that A -1 is bounded from H°> ai to H°> ai with norm controlled, uniformly with respect to 
a E B and h € (0,/io], by ||A~ 1 || i2 ^ ff 2 (; o(l + H^^H^^^o). By iteration, we obtain that A -1 

maps continuously H^ 2,Tl , H^ 3cri , . . . , Hsc^ ai into themselves and that 

ll^llflS^flSr ^ c 'II^ 1 IIl^ o ( 1 + II^IIl^^)^, (3.5) 

with C independent of /i and of a £ B. Using (|3.2p . we can construct, for all N > 0, symbols 
a,ff(h) € S 1-2 ' and rjy(/i) G S 1- ^ , depending continuously on a(/i), such that 

Notice that this is not a semiclassical parametrix (that would be the case if we had a remainder 
of the form h Op™ (r jv (h))) since ()3.2p is not an ellipticity condition in the semiclassical sense. 
This is simply an /i-dependent classical parametrix (in the sense of Theorem 18.1.9 of [H]). The 
symbol ax(h) is constructed by successive approximations starting from (1 — ~x)[^)/a(x, £, h), with 
X £ Cg" such that x{0 = 1 f° r £1 < C> an d then following the usual iterative scheme. We then 
obtain 

A- 1 = Op w h {a N {h)) - Op w h {r N {h))A-\ (3.6) 

Since Opf(a N (h)) maps H£ a into ff s s c +2 ' CT and Q)™(rjv(/i)) maps J ff s ° c ' <T into ff s ^ ff for all N > 0, 
with norms uniformly bounded with respect to a and h, the right hand side of (|3.6p is therefore 
bounded from Hjfc." to H^ 2 ' a , by choosing TV > s + 2 and using (|3.5p . The result then follows 
easily. □ 

In the sequel we shall denote by H.ifHx^'H.-i) the Banach space of linear continuous map- 
ping between Hilbert spaces TL\ and 7^2, equipped with the usual norm. We also denote by 
Anvertibie(Wi, H2) the open subset of invertible mappings. 

Proposition 3.2. Let a = (a(h)) he ^ Qho ] be a family of S 2,0 satisfying \3.%fy and let U cC be an 
open subset. Assume that 

A-z: H 2 f -> L 2 (R d ) is invertible 
for all z G U and all h G (0, ho] . 

i) Let b = (6(^))h.e(o,ft i be a family of S 2 ' . Then, for all h G (0, ho] and all zq G U , there exists 
£h,z > and a neighborhood U(zq) C U of zq such that, for all s, a > 0, the map 

{-£h,z,£h,z) x U(z ) 3 (e,z) ^(A + eB- z)- 1 e £(ff s s < CT , ff s s c +2 '") (3.7) 
is well defined and smooth. In addition 

— (A + eB- z)- 1 = {-l) j j\{A + eB- z)- 1 (B{A + eB - z)- 1 ) 3 . (3.8) 
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ii) Assume that, for all h G (0, /iq], we have a sequence (a n (h))nEN converging to a{h) in S 2 ' . 
Then, for all h G (0, ho] and all relatively compact subset Uq (e U , there exists nh,u 6 N such that, 

An-z: H 2 f -> L 2 (M d ), z G E/q, n > n h , Uo) (3.9) 

is invertible, and, for all s,a > 0, 

IK^-^- 1 -^-^- 1 !!^,^^,, -.0, n^oo, (3.10) 

uniformly on Uq. 

Proof. Fix ft, G (0, ho]. Since £? is bounded from H^ to L 2 (R d ), for e small enough and z close 
enough to zo, A + — z is invertible. It is then also invertible as a bounded operator from 
Hl+ 2 > a to ff s s > CT by Proposition O Since the map T ^ T" 1 is C 1 from Avertible (-f^ 2 '' 7 , H*f) 
to C(H°f, H°+ 2 ' a ), (J37j) is C 1 with derivative given by (JSHJ) with j = 1. The result then follows 
by induction. Let us now prove ii). Let zq G U. Since A — zq is invertible and by convergence 
of A n to A, there exists nh, Zo > and 5 Zo ,h > such that A n — z is invertible for n > rx Z0) ?i 
and |z — zo| < <5z ,h. By compactness, Uq can be covered by finitely many balls of the form 
{\z — Zj\ < 5 Zjt h} and thus A n — z is invertible for all z € Uq and n > n] lt u :— maxj nf-^z- The 
balls can be chosen such that 

sup sup \\(A n - z)~ 1 \\ H s,v^ H s+2,v < +oo 

«>«i.j, \z-Zj\<8 h}Z . 

so the norms \\(A n — z)~ 1 \\ HS , a ^ H s+2, a are uniformly bounded with respect to n > nh,u and 
z G Uq. Then (|3.10[) follows from the resolvent identity. □ 

For k > 1 integer, to be fixed further on, we set 

f k z {\) = {\-zT k . 

Proposition 3.3. Let U C C an open subset and a ~ (a(^))^e(oji ] be a family of S 2,0 satisfying 
\3.2) . Let b — (b(h))h£fQ t h ] be a family of S m ' tJ ' with m < 2 and fi < 0. Assume that, for all 
h G (0, ho] and all z G U, 

A- z : H 2 f -> L 2 {R d ) 

is invertible. 

i) Let j > 1. Then, ~-f k (A + eB)^ e=0 is well defined and is a linear combination of 

(A - z)~ kl B(A - z)~ k2 ■ ■ ■ B(A — z)~ kj+1 , k 1 + --- + k J+1 =k + j (3.11) 
with k\, . . . , fcj+i > 1. Furthermore, if 

j(m - 2) - 2k < -d and j> < -d, (3.12) 

each operator of the form i3.11\) is of trace class in L 2 (M. d ). 

ii) Assume in addition that, for all h G (0, ho] and all z G U , 

A + B-z: H 2 f ->L 2 (R d ) 

is invertible. Then 

f k (A + B) - f k {A) - ]T ^fz(A + sB) l£=0 (3.13) 

3=1 3 ' 



14 



is well defined and is a linear combination of 

(A + B - z)- kl B{A- z)- k2 ■■■B(A- z)- k "+\ ki + ■ ■ ■ + k p+l = k + p (3.14) 
with ki, . . . , k p+ i > 1. If 

p(m — 2) — 2k < — d and p/i < —d (3.15) 
then each operator of the form \3. 14\ ) is trace class on L 2 (R d ). 
First recall that from the standard estimate 

\\(x)- s (hD)- a \\ tI <Ch- d , he(0,h a }, 

we have: 

Lemma 3.4. For all s > d and a > d, the injection H^ a <^-> L 2 (M. d ) is trace class with norm 
0(h- d ). 

Proof of Provosition UTSi That ggr/* {A + eB)\ e=0 is well defined follows directly from Proposition 
13.21 i), as well as its expression for k — 1 which is given by (|3.8p . The formula for k > 2 is obtained 
by applying d k ~ x to (|3.8p , using 

{k - 1)!(A - z)- k = d k ~ l {\ - z)-\ (3.16) 

and the smoothness of ()3.7p . By Proposition ^. 11 each operator of the form p. lip is bounded from 
L 2 (R d ) to H i( 2 - m )+ 2k -^ tmls i s trace class by (|3~T2|) and Lemma EOO This completes the proof 
of i). The proof of ii) is completely similar once observed that, for k = 1, (|3.13p equals 

(-lf(A + B-z)- 1 ( J B(A-z)- 1 ) P , 

which is obtained using (|3.8p . □ 

Conclusion. Under the assumptions of Proposition l3~3l ii). the following expression is well defined: 

p-i 

j) de*' 



T k (A, B, z) := tr \f k (A + B) f k (A) - £ T\^i^ A + eB ^° I ' ^ 

(with the usual convention that S?=i = if p = 1) provided that (|3.15p holds, thus in particular 
for 

k > d/2 and pfi < —d. 
If in addition (a(/i))/ te (o,h ] G ^ as in Proposition 13. 1[ we have the following bound, 

\T k (A,B,z)\ <Ch- d [l + \\(A-z)- 1 \\ L ^Hi i a + \\( A + B ^ z y 1 \\L^H^) , (3-18) 
for some C, N > independent of h S (0, /iq] and z E U, using (|3.4p . (13. 14)) and Lemma [ 
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4 Resonances 



4.1 The analytic distortion method 

In this subsection, we recall the definition of resonances by the analytic distortion method after 
Sjostrand-Zworski. We also collect additional results that will be necessary for our applications. 

We first recall the definition of a maximal totally real manifold T C C d parametrized by 
k : R. d — ► C d . By this it is meant that k : M. d — » n(R d ) = T is a diffeomorphism (between real 
manifolds) such that 

T K{x) rm(T K{x) r) = {0}, xeR d . 

Equivalently this means that, for all x, (di_K(x), . . . , ddn(x), idin(x), . . . , iddK(x)) is a basis of C d 
viewed as a real vector space, or that {d\n{x), . . . ,ddK,{x)) is a basis of C d as a complex vector 
space, so the fact that T is totally real simply means that 

det + 0, x £ R d . (4.1) 

Then, to any differential operator 

p= a «( x ) Da > 

\a\<m 

with coefficients that are smooth on R d and holomorphic in some neighborhood of T n (C d \ M d ) 
(typically a sector of the form £(#o, -Ro, eo)), we can associate the operator 

A K P:= a a (K(x))(( t d x K(x))- 1 D) a . (4.2) 

\a\<m 

The analytic distortion method is as follows. Given Ri > and ei > 0, we can find a non 
decreasing smooth function <f> : M + — » M such that 

0(t) = t<R u (4.3) 
0(t) = 1 t»l, (4.4) 
0<t9cf>'(t) < ei, t > 0, 9 e [0,tt], (4.5) 

and the latter condition implies, by possibly considering cf> associated with a smaller e\, that we 
can additionally assume 

< arg(l + it6cf>'(t)) < e x , t > 0, 9 E [0,tt]. (4.6) 

We assume in the sequel that, for each t\ > (small enough) and R% > (large enough), a function 
<fi satisfying (|4.3p . (|4.4p . (|4.5p and (14. Q\i has been chosen. Then the function 

f e (t) = e^ (t)e i, i S R+, 

satisfies 

/e(i)=« for t<Ri, / 9 (t) = e ! ^ for t»l, d t f e + (4.7) 
< arg(/„(t)) < 0, arg(/„(t)) < arg(9 t / 9 (t)) < arg(/„(t)) + e x . (4.8) 
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Using this function, we can now define Kg : K — > C and by 

*o(x) = fg(\x\)-^ = e»*W>x, T e = K 9 (R d ). (4.9) 

Notice that, 

^« e (x) = e i6 ^ (j d + ie\x\<f/Qx\)^^j , (4.10) 

thus (|4.1jl holds, at least for e\ small enough. Now, if P is a differential operator whose coefficients 
can be continued analytically to X(0o, Rq, £o)j by choosing ei small enough and 

Ri>Rq, 0<8< O , 

we can define the following differential operator on R d 

P(6):=A Ke P, (4.11) 

with A e defined by fl~2"f and [[O]) , 

Remark. The reader should keep in mind that operators of the form P(9) depend not only on 
(and h £ (0, ho] below) but also on the parameters Ri and e-y (and also on the choice of the 
function 0), although this dependence is omitted in the notation. 

Definition 4.1. Let V £ V p (0o, Rq, cq). The pair (i?i,ei) £ is said to be Fredholm admissible 
for Hq + V if, for all 9 S [0, 0o], the following hold: 
i) for allh^l and all z £ C \ e" 2i9 [0, +oo), 

H (9) + V(9) - z : H 2 (R d ) -> L 2 (R d ) is a Fredholm operator of index 0, 
i/ie principal symbol, in the classical sense, p c @ of Hq{9) + V{9) is elliptic, ie for some C > 1 

|p c e W)l>C~W, (x,0eR 2d . 
Here Hq(9) and V(0) are defined by fi4-H\ ) with Kg given by 

Proposition 4.2. Lei (K)te/ be bounded family of V p (9q, Ro,eo)- We can find R\ > 0, e\ > 
and C > smc/i i/iai, /or aZ/ L E I, any (Ri,e\) £ [i?i,+oo) x (0,ei] is Fredholm admissible for 
Ho + V t , with constant C in ii). More explicitly 

IpfA^Ol^C-'ie, (4.12) 

uniformly with respect to t\ £ (0,eT], R\ > R\, 9 £ [0, 0o] and u E I. In addition, we may also 
assume that, for all 9 £ [0, 9q], 

-20-3ei < arg(p^ s (x,0) < d, a; £ M d , £ £ R d \ 0, (4.13) 

uniformly with respect to i £ /. 

Proposition ^. 2l is proved, for a single V, in the lecture notes [31| Lemma 7.3] in the more general 
framework of box perturbations. Its extension to a bounded family of V p (0o, Rq, eo) involves 

no new argument and we therefore omit the proof. The reason for considering a bounded family 
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in V p (9o, Ro, £o) is that we shall approximate V 6 V p {9q, Rq,£q) by a sequence V n € Vj(6>o, Ro, e o), 
with d > d, and use a certain deformation along Kg(R d ). It will be important that Kg (which 
depends on t\ and R\) can be chosen independently of n. 

The Fredholm admissibility is important to define the resonances as we shall see below. In the 
case of a single V, the first part of Proposition ^. 21 simply states that this condition is fulfilled for 
Hq + V. The additional uniform estimates (|4.12|) and (|4.13|) will be useful later on to prove some 
resolvent estimates. 

The definition of resonances relies on the following theorem. 

Theorem 4.3. fj3^ [M. [ffl] /) Let < 9 < tt and V € V p {9 0l R ,e ). Assume that we are given 
R\ > and e\ > which are Fredholm admissible. Then, for a!! /i « 1 and all z G f2, we have 

(i) z S a{H {6) + V{6)) if and only ifker{H (9) + V{9) -z)^0. 

(ii) For allO<9 1 <9 2 <9 ,ifzeC\ e~ 2 ^ 9l ^[0, +oo) then 

dim ker(ff o (0l) + V{6{) - z) = dim ker(ff (6> 2 ) + V(6 2 ) - z). 

The first statement is an immediate consequence of the fact that the operator has a zero index. 
The second one requires a non trivial analytic deformation result, which uses the analyticity of the 
coefficients of V near infinity. 

Let us recall the main consequence of Theorem 14.31 

First, if < 9 < 9 Q < tt and < e < 2vr - 29 , then for all h <C 1 and all z e e i( -°< e \0, +oo), 

H o (0) + V(9) - z : H 2 (R d ) -» L 2 (R d ) is an isomorphism. (4.14) 

Furthermore, by analytic Fredholm theory, one can show that the spectrum of Hq(9) + V{9) is 
discrete in C\e _2i6l [0, +oo). The part (ii) guarantees that, if 9' > 9, the eigenvalues of Hq(6) + V(6) 
and Hq{9') + V(9') coincide on e~ 2l ^ ' e ^ (0, +oo) and this makes the following definition natural. 

Definition 4.4. Given satisfying |J._?7| ), the set of resonances of Hq + V in Q is 
Res(H + V,Q)=nn o-(H a {9 Q ) + V(9 )) n e~ l[0 ^ eo) (0, +oo). 
Recall that Res(iJo + V, ft) is finite (for each h). 

By analytic Fredholm theory again, for any w 6 Res(i?o + V, f2), the operator 

Ug rW = ^[ (H (9) + V(9)-z)- 1 dz (4.15) 

is of finite rank, if 7(10) a small enough contour enclosing w and this allows to state the following 
definition. 

Definition 4.5. The multiplicity of w is the rank ofTle tW . 

This definition is independent of 9 in the sense that we get the same rank if 9 is replaced by 
some larger 9' (smaller than 0q). 

We conclude this subsection with the following elementary resolvent estimates. 

Proposition 4.6. Let fl be satisfying JJJ7| ) and let flf := Q+ n (Im(z) > 5} (see U.20\) ) with 
S small enough to be non empty. Let (V t ),, e / be a bounded family of V p (9q, Rq, cq). Then, for all 
ei > small enough, we can choose R\ > as large as we want such that 

\\{H {9v) + K(0o) - z)- 1 ^^^ < 1, h « 1, z e n+ l e L . (4.16) 
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Proof. Denote by p L (x, £, h) the full Weyl symbol of Hq + V t , which is then real on K 2d and of the 
form 

p L (x, f , h) = pf(x, + a L (x, £, h), 
with a t (., /i) polynomial of degree < 1 in £ with coefficients bounded in C p (9q, Rq, €q). Setting 

p h e {x, £, h) = p t \Ke {x), ^d x Ke Q {x))~ x („ h\ , 

we then have 

H (9 ) + VM = Op%(p h e ) + hOp%(b h e (h)) 

for some symbol b Li g (h) which, for fixed t\ and R\, is bounded in S 1 ' as h and i vary. We thus 
only need to show that, for e-y > small enough and R\ > large enough, 

\p h 8 {x,Z,h)-z\>i, *eJ#, tel. (4.17) 

The result then follows from the standard construction of a semiclassical parametrix, yielding the 
invertibility of Hq{9q) + V l (9q) — z for h small enough (uniformly with respect to z and C) as 
well as the bound (|4. 16|) . Let us prove (|4.17|) . Using (|4.12p . we can choose Co > large enough, 
independent of < e\ < Z\, R\ > Ri, /iCl and i £ I such that 

\Pi,e (x,^,h)\ > 1 + max|z|, |£| > C , 
u 

since \{p L ,e —P?e )i x > £, Ml ~ uniformly with respect to h, i, ei,i?i. Using (|4.13[) . if t\ > and 
5' > are small enough, we also have 

Then, once such ei and 5' have been chosen, we have, for all Ri large enough, 

(5' 

k^oW.f^oW)" 1 ^^^- M>Ri, ICl < 0), 

since the coefficients of a t decay like {x)~ p in £(#0i -Roj £o) uniformly with respect to /i and i. It is 
then straightforward to check that (j4.17|) holds since p tj g is real for |x| < □ 

In the next proposition, we prove an exponential bound for the resolvent of Hq(9). The latter 
can be used with Theorem 11.71 to obtain an exponential upper bound on d z ip p (z, h), when p > 3. 
Let us recall that, since Hq = —h 2 A has no resonances away from 0, (Hq(9) — z)^ 1 is well defined 
for all z £ Q (see [33]). 

For simplicity, we only consider the case where 9$ < and d > 3. 

Proposition 4.7. Assume that 9q < tt/2 and that d > 3. Let VL be a simply connected open set 
satisfying \1. 17\ ). Then, if e (in and t\ (in ) are small enough, we have 

\\(H (e )-z)- 1 \\ L2 ^ H 2,o<e Ch ~\ h«Uef!. (4.18) 



Proof. By (|4. 9[) and (14. 10[) . the coefficients of H$(9) are holomorphic with respect to 6 in a small 
neighborhood of [0, 9q) and thus so is 

9^ (v, (H (9) - z)-V) , (4.19) 
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for 9 in a complex neighborhood of [0, 9q] an d for all u, v G C^°(M. d ), zc!l and h G (0, 1]. On the 
other hand, for i9 G R small, 

H o (0) = U e H o U-\ 

with {/e : L 2 (R d ) — > L 2 (R d ) the isomorphism defined by C/e(u)(x) = u(n g (x)). Since L/g maps 
i/ 2 (R d ) into itself, we then have 

(H a {9) - z)- 1 = Ue{H - z)~ l U^, z G H+ 

and if we denote by lZ(x — y, z, h) the Schwartz kernel of (Hq — z) _1 we can rewrite (|4.19[) as 



TZ(Kg(x) - Ke(y), z, h)u(y)v{x)det{Kg{y)) dxdy (4.20) 

1/2^ 



for i# G R small and z G fr . Let us recall that, for Im(z ' ) > 0, 



,1/2 ^ «-l 



where the Hankel function Hl{Z) (with v = i — 1) is given by 

/ O \ V2 p i{Z- §7T-f ) /- + oo ! 

using everywhere the determination of the square root defined on C \ (— oo,0] taking its values in 
e l ( _7r / 2 > 7r / 2 )(0, +oo) (see for instance section VII. 7. 2 of [M]). The function Hi is holomorphic for 
Z G e i ^ 7r / 2 ' 7r / 2 )(0, +oo), with the following rough bound, for all < S < tt/2, 

\Hl(Z)\ < C 5 \Z\-^ 2 e^ z ^ max , arg(Z) G (5 - tt/2, tt/2 - 6). (4.21) 

Independently, by writing tp(x) = <j)(\x\), we have 

Ke{x) - Ke(y) = (x-y) f e *Mi/+t(— i/)) (m<p(y + t(x - y)) ®{y + t(x - y)) + l) 



dt, 

where \0V(p(X) ® X\ < ei by (|4.5|l and < 9?(X) < 1. Therefore, if ei and e are small enough, 
there exists S > small enough such that 

z^ 2 \k 9 (x) - K 6 (y)\ := (z(/t fl (a;) - ^(y), ^(i) - ^(y))) 1/2 G e <C'-*A*/2-*) ( 0> +oo)j 

for x ^ y, x,y G R d , z G fi and in a neighborhood of [0, #o]- Furthermore, the modulus of 
\ng{x) — ng(y)\/\x — y\ is bounded from above and from below. This allows to continue (|4.20| 
analytically with respect to 9 G [0, 6q] and then with respect to z G fi. Using (I4.2ip and the Schur 
Lemma, we deduce that, for any x £ C^°(R d ), 

\\X(H Q (0 O ) - < e CTl ", * G 0. 

This easily implies a similar L 2 — > i 2 bound on the whole resolvent using the elementary estimate 

Wie-^Ho-zyXz^Zh z £ Q, 
and two applications of the resolvent identity yielding 

(ifo^o)-*)- 1 - (e- 2W °H -z)- 1 -(e-* 9 oH -z)- 1 Vo(e- 3iB °H -z)- 1 
+ (e- 2ie °H - zrVoOWo) - z)- l V Q {e- 2ie °H Q ~ z)~\ 

where Vb := H (9 ) — e~ 2ie °H is a compactly supported differential operator of order 2. The 
L 2 — > i? 2 c '° bound then follows from the i 2 — > i 2 one by the resolvent identity between zq G 
and z, using (|4.16[) . □ 
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4.2 A deformation result 

We recall first the following result. 

Proposition 4.8 (Sjostrand [SU]). Let d > d and V E V^(8 , Ro,eo)- Let Ri > and ei > be 
Fredholm admissible for Hq and Ho + V. Then, if k > d/2 + 1, 

tr ((H + V- z)- k - (Ho - z)- k ) = tr ((H (6) + V(9) - z)- k - (H o (0) - z)- k ) , 

for all 9 G [0, 9 ] and all z G il + . 

In the next proposition, we simply state that the above invariance of the trace by analytic 
distortion still holds for the regularized traces of the form (|3.17l) . 

Proposition 4.9. Let p G N and p > such that p > d/p. Let V G V p (9o> Ro, £o)- Then, if t\ is 
small enough, R\ is large enough and k > d/2 + 1, we have 

T k (Ho, V, z) = T k (H (6), V(8),z) , 

for all 9 e [0, 9 ] and all zeSJ + . 

As the reader may guess, this proposition is a fairly elementary consequence of Proposition ^. 81 
approximating V by a sequence V n G V^(9q, R' , e' ) with d > d. 

Lemma 4.10. Let V G V p (^o, -Ro, e o)- ^et d > d. We can find R' Q > Ro, < e' < £o a7l <^ 
a sequence (V r n )n>i G Vj(#o 5 ^?d' e d)? bounded in V p (9q, R' a , e' ) such that, for all p' < p and all 
s, a G R, 

\\V n -V\\ Hi ,^ Ht - 2 ,„ +p , -0, n^oo, (4.22) 

/or allh<^\. 

Proof. Choose first a determination ofZ^ Z 1 / 4 for 2eC \ e 2ie °[0, +oo), with 9 < 9' < tt. We 
may assume that it is positive on R + . Choose also x £ C x) (R d ) such that < x < 1, x(x) = 1 for 
|*| < ^o/2, and x( x ) = f° r * ^ -^d- We then define 

Xn (a0 = X(x) + (1 - x(x)) exp (-(x 2 ) 1 / 4 /^ , n > 1, 

with x 2 = x 2 + • • • + a; 2 ;, and 

V„ = XnVXn- 

If i? is large enough, the coefficients of V n are then such that (| 1 . 13|) . (|1.14p and (| 1 . 1 5|) hold, 
with c independent of n in l|1.14jl . and (|4.22p is elementary. Furthermore, if e' i s small enough 
x i ^ exp (— (x 2 ) 1 ^ /n) has an analytic continuation to £(0Oi R'o, e d) where it is uniformly bounded 
with respect to n > 1. Therefore (V^) n >i is bounded in V p (9o, R' , ed)- Also, it clearly belongs 
to Vj(#o, -^d' e d) smce j if x = te l6 uj with i > 1, u close to S d_1 and G [0, 9q], we then have 
Re ((x 2 ) 1 / 4 ) > i 1 / 2 cos(0/2) > t 1 ' 2 . □ 

Proof of Proposition \4-9\ By Proposition 14. 2[ for all i?i large enough and all t\ small enough, 
(i?i, ei) is Fredholm admissible for eV„ and eV, for all n > 1 and e G [0, 1]. Using Proposition ^. 81 
with R' Q and e' Q , we then have 

tr ((H + eV n - z)- k - (H - z)- k ) = tr ((H (9) + eV n (9) - z)- k - (H (8) - z)- k ) 
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and the latter can be differentiated with respect to e using Proposition 13.21 since the operators 
inside the trace are smooth with respect to e, in the trace norm. This is easily seen, for instance 
for the left hand side, by writing the operator inside the trace as a linear combination of operators 
of the form 

(H + eV n - z)- kl eV n {H - z)~ k \ k 1 +k 2 = k + l. 

Therefore, 

T k (H , V n ,z) = T k (H (6), V„{9), z) 

gives the result by letting n go to oo, using (|4.22[) with p 1 such that pp' > d, Propositions 13.21 and 
EH □ 



4.3 The main tool of Sjostrand's trace formula 

Proposition 4.11. Let fi be an open subset satisfying {1.11^ with < 9q < w and < e < 2ir — 29. 

Let V G V p (9q, i?o, eo) with p > 0. Then, we can fix hi, e\ small enough and R\ large enough such 
that there exists a family of finite rank operators (-fQ(#o))o</i<hi.ee[o.i] with the following properties: 

r&nk(K £ (9 )) < h- d , (4.23) 
\\(H (9 a ) + eV(9 ) + K £ (9 Q ) - zy'W^^.a <1, (4.24) 

for all h e (0, hi], z € fi, e € [0, 1]. For all N, s,a eM and k e N 

\\d k K £ (6 )\\ H s,^ H N, N < 1, he (0,hi], e g [0,1]. (4.25) 

Ln addition, there exists x S C^ D (W i ), independent of h and e, such that K £ (9o) = xK £ (9o)x- 

Note that (14.251) and Lemma T3.4I imply that 

\\d k K £ (e )\\tr < h-\ h€(0,hi], £€[0,1]. (4.26) 

This proposition is essentially proved in [301 131] . We however recall the main argument of the 
proof to emphasize the dependence on e which was not considered in those references. 



Lemma 4.12. For all ei > such that 2ix — 29q — 4ei > e and ti < e, and for all C > 1, we can 
construct a smooth function F : Dp — > C, with Dp a neighborhood of e l [- 29 o-^iA Jq j +oo), such 
that 

F(Z) = Z, for Z such that \Z\ [C _1 ,C] or with argument close to — 29q, (4.27) 

and 

\F(Z)-z\>l, ZeDp, zefl. (4.28) 

Proof. We can define a function arg(Z) smooth on e l (~ 2flo-4ei,e '(0,+oo), with d Y and e' slightly 
larger that ex and e respectively, such that 

Z = \Z\ exp^arg(Z)), arg(Z) e (-29 - Ae[, e'). 

Observe next that, for some 9 < 9q and r 2 > Ti > 0, 

Slc{zeC; r 1 < \z\ < r 2 , -29 < arg(z) < e}. (4.29) 
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We next take C large enough so that C 1 < r\ < r-x < C and choose ip £ C^°(C , C) such that 
xj) = 1 near [ri,r2]. For 5 small enough, we also choose 9 £ C°°(R) non decreasing such that 

{const. > -20 o - 2(5, if a < -20 o - 25 
a, if | - 20 o - ac\ < 5 • 

const. < -20 o + 2(5, if a > -20 o + 25 

We choose 5 such that the sector defined by — 20o — 25 < arg(Z) < — 20o + 25 doesn't meet the 
sector —20 < arg(Z) < e. We then set 

F(Z) = \Z\ cxp ( - 2»e(arg(Z)M|Z|) + i(l - ^(|Z|))arg(Z)) . 

It is clearly smooth where arg(Z) is defined hence in the sector e l (- 26, o- 4e i< e )(0, +oo). We have 
F(Z) = Z for for \Z\ < C" 1 and \Z\ > C so F is smooth near 0. Since 6(arg(Z)) = arg(Z) 
if arg(Z) is close to —28q, we have (|4.27|) . Furthermore, for Z in the right hand side of (|4.29|) , 
we have F{Z) — z ^ otherwise we should have \z\ = \Z\ £ [ri,T2] and then z = F(Z) = 
\z\ exp(— 2i8(arg(Z))) which is impossible by the choice of S. This is sufficient to prove (|4.28[) 
since \F(Z)\ — > oo as \Z\ — > oo. □ 

Proof of Proposition \4-H\ We choose first e± small enough and i?i large enough to ensure that 
(I4.12p and (|4.13p hold. We also assume that ei satisfies the condition of Lemma 14.121 The full 
Weyl symbol of Hq(6o) + eV(6o) is of the form 

Pe,e (x, h) + hb £t6o {x, h) 

with b £ ^ a polynomial of degree 1 in £, and with 

Pe,e a {x^,h) = pf (K 9( Xx), t K , eo (x)(,,h) + a £ (Ke o (x), t K , o (x)(,,h) , 
= : Pte (x,0 +a e (ft0 o (x),V flo (x)£,/i) , 

where p £ l is the classical principal symbol and a £ {., ., h) a polynomial of degree 1 in £ with coeffi- 
cients in C p (8o, Ro, eo), bounded with respect to h £ (0,ho\ and e £ [0, 1]. All these symbols are 
affine (hence smooth) with respect to e. We then claim that, by possibly increasing we may 
also assume that 

p St0o (x,t,h)eD F , (4.30) 

for all h <C 1, (x, £) £ M. 2d and £ £ [0, 1]. Note first that, with no loss of generality in Lemma [4.121 
we may assume that Dp is constructed for ir/2 < 9q < it so that Dp is also a neighborhood of R. 
Then, for \x\ < Ri, p £ j (x,t;, h) is real hence belongs to Dp. On the other hand, there exists Cy 
such that 

\a £ ( Keo (x)\'g (x%h)\<C v R^(0, 

for all i?i > 1, \x\ > R u £ £ R d , h £ (0, ho] and e £ [0, 1]. Thus, using (jH^)) with = pf 9o , we 
see that for any neighborhood of e 1 ^ 200 ^ 461 '^ [0, +00), we can choose R\ large enough such that 
Pe,e (x,t;, h) belongs to this neighborhood for \x\ > Ri. This implies (|4.30|) which then shows that 
F ° Pe,e i s smooth on M. 2d . Actually, we have 

$ efio := F(p e ,g ) -p e ,e G C °°(M 2£i ), (4.31) 
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and, more precisely, ip £ ,e is bounded in as e and h vary. Indeed, by (|4.12[) . \p s ^ {x 1 £, h)\ — ► oo 
as |£| — * oo and, on the other hand, for £ in a compact set, p £) g (a;, £, h) — > e~ 2l6, °|£| 2 as |a;| — > oo. 
Using JOT}, this gives fOT]) . 

To construct K £ (9q), we recall the following point. For all W G C^°(K 2d ), we may write 

Opl(*) = K(h) + R(h), 

with #(ft) of finite rank, raxik(K(h)) < ft~ d , and for all N > 0, 

I I l^-iv.-jsr^^.jv < Ch N , ft < 1. 

In addition, for some fixed x G Qj°(R d ), 

K(ft) = x «"(/i)x- 

Let us now choose <J G C^°(R 2d ) such that * = 1 near a compact set (independent of h and e) 
containing the support of ip e ,e ■ We then have 

CK(^o) - K{h)Opl{^e )K(h) + R e , eo (h) 

with, for all N > 0, 

||i? e , 8o (ft)|| ff -«,-«^iv,« ft«l, EG [0,1], 

using that Op%{ip e ,e ) = Op%( i !?)Op%('tpe,e )Oph (*) + C^ 00 ) by pseudodifferential calculus. We 
then set 

tf £ (0 o ) : =#(ft)Q#(VMo)^W- 
It satisfies (|4.23[) . (|4.25|) and has a Schwartz kernel supported in a fixed compact set. To get (j4.24|) . 
we simply observe that 

H (9 ) + eV(9 ) + K e (6 ) - z = Op%(F(p et e ) - z) + hT e (6 ), 

with \\T e {e )\\ H 2,o^ L2 < 1 as ft < 1 and e G [0, 1]. By (|OS]l . Q5^(F(p e , 0o ) - z) is invertible for ft 
small enough (uniformly with respect to e and z G f2) and so is Q3™(F(p St g ) — z) + hT e (9o) by an 
elementary perturbation argument. □ 

Using the notation of Sjostrand-Zworski |32j . we now set 

H^k>) = H {6 )+eV(6 )+K e {6 ), (4.32) 

and 

K e (8 , z) = -K e (6 )(H e (e ) - z)-\ (4.33) 

or, equivalently, 

1 + K £ (9 , z) = (ff (fl ) + eV(9 Q ) - z){HJfk) - z)- 1 (4.34) 
for alU G VL \ Res(H Q + eV, n). We then have (see [3T]) 

tr ((#o(0o) + eU(^o) - z)' 1 - (H^h) - z)" 1 ) = -tr ((1 + K e (9 , z^d.K^ zj) 

= -d z log deti (l + K e {9 , z)) . (4.35) 

Remark that the zeroes of deti(l + K e (9o,z)) are contained in the set of resonances since, if z is 
not a resonance, (|4.34|) is invertible. Actually, the zeroes of deti(l + K E (9 ,z)) in Q are exactly 
the resonances of Ho + eV in fl with the same multiplicities (see Definition 14. 5[) . More precisely 
we recall the following result (see [BTjV 
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Proposition 4.13. If w G Rcs(_ffo + V, fi), there exists a holomorphic function G w (z), for z close 
to w, such that G w (w) 7^ and 

deti (l + Kxtfo, z)) ={z- w) m{w ^G w {z), (4.36) 

where m(w) is the multiplicity of the resonance. 

Proof. Let l(w) be the multiplicity of w as zero of detx ^1 + Ki($o, z)j given by 

l(w) = ^-^d* log deti (l + K^zf) dz, (4.37) 
with 7 a small positively oriented circle centered at w. According to (|4.35|) . we have 
l(w) = ± J^Y((H Q (8 ) + V(9 Q )-z)- 1 K 1 (8 )(H^)-z)- lS )dz 
= ^tr (J(H o (0 o ) + V(6 ) - z)- 1 - (H^) - z^dz^j . 

By construction of Hi(6q), the resolvent (Hi{9q) — z)~ x is holomorphic near w and its integral on 
7 vanishes. It follows that 



l(w) = tr ^— J (Hq(0 o ) + V(6o) - z)- L dzj = tr(n eo , w ), 

where Hg oW , defined by (|4.15p . is a projector which (by definition of the multiplicity m{w)) satisfies 

tx{U.e ,w) = rank(ILj 0itl) ) = m(w). 
This conclude the proof of Proposition 14. 131 □ 



Therefore, the multiplicities of the resonances as zeroes of deti yl + Ki(8q, z)J or as given by 
Definition 14.51 coincide and we have the factorization 

deti (l +K 1 (6 ,z) S )= Yl ( z - w )°i ( z > h ) ( 4 - 38 ) 

weRes(H Q +V,f2) 

where, for each h G (0, hi], Gi(., h) is a non vanishing holomorphic function on Q. 

We now recall a beautiful result due to Sjostrand which is a crucial consequence of Proposition 

Em 

Proposition 4.14 ([3D]). There exists ip Gl (.,h) holomorphic on ft such that 

Gi(z, h) = exp (ip Gl (z, h)) , ft <C 1, z € fi, 

and, for all W <e Vl 

\d z (p Gl {z,h)\<C w h- d , /i<l, zeW. 
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An immediate consequence of (|4.38p and Proposition 14. 141 is that, for all Wg!!, 



^logdetx (l + K^z)) - 



(k-l)\ 



toeRos(H +v,n) 



(w — z) k 



< Cwh d , 



(4.39) 



for h < 1 and z £ W. The same result applied with V = 0, using that Hq has no resonances, 
shows that 



a*logdeti (l + K (9 ,z) 



(4.40) 



for h < 1 and zeW. 

Another useful consequence of the absence of resonance for Ho is the following. Since Ho has 
no resonances, Hq(8q) — z is invertible for all h <C 1 and all z in a neighborhood of il. Therefore, 
for all there exists e/j, such that Hq(8o) + eV(9q) — z is invertible for \e\ < Eh and z £ ft. 

Thus, by (|Oi|) . the function 



G e (z, h) := deti (l + iT £ (0 o , z)J , z£Q, e £ (s h , e h ), 



(4.41) 



is holomorphic and doesn't vanish. This allows to choose a branch of its logarithm which we denote 
by Log^ G e (z, h), to stress on the h dependence of such a choice. 

Proposition 4.15. The branch Log^ G e (z, h) can be chosen such that, given a fixed zo £ ilg , we 
have, for all j > 0, / > 1, 

d?dEl Logh G ^°>%=° ~ h ~ d - 

Proof. According to (|4~40|) . G (z,h) = exp(ip G ° (z , h)) with \d z p G °(z, h)\ < h~ d . On the other 
hand, for all h <C 1, we can find e(zq, h) > such that 



G e (z ,h) 



G (z , h) 



- 1 



< 1/2, 



thus we can set 



Log* G E (z , h) = <p G °(z , h) + log 



e\ < e(z , h) 

G e (zp,h) 
G (z , h) 



(4.42) 



where log is the principal determination of the logarithm on C \ (— oo, 0]. We can then define 
Log/j G e (z, h) as the unique primitive of d z G £ (z, h)/G e {z, h) coinciding with the right hand side of 
(I4.42p at z — zq. The smoothness with respect to z and e (close to 0) is then clear. The bounds on 
the derivatives at z = z and e = are obtained by applying d^dlr 1 to (|4.35p . using Proposition 
ETQand P36| . □ 

Regarding the behavior of c^Log^ G £ (z, /i)i e =o for z £ ft, we have the following result. 
Proposition 4.16. For all j ' > 0, I > 1, there exists Njj £ N such that, for all compact subset 



Log ft G e {z,h) {e=0 \ < C w h- d sup (l + \\(H (9o) - Z)- 1 ]]^^) , /i « 1, z £ W. 

zen v "' ' 



Proof. By writing Log ft G e (z,h)\ e —o as the sum of Log/j G £ (zo,h)\ e= o and the integral of its 
derivative over a path joining z to z, the result follows from (|4.35p , (|4.4ip . Proposition 14. Ill and 
Proposition ^. 151 □ 
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5 Proofs of Theorems I1.3L 11.51 and [TTT 



5.1 The general case 

Using the notation (|3.17p , we have, for k > d/2, 

{ p (k,z,h) = T*(H ,V,z), zen+, (5.1) 

and, by Proposition ^. 9[ we also have, if k > d/2 + 1 which we now assume, 

T*(H Q ,V,z) =T£(H o (0 o ),V(0 Q ),z), zen+. (5.2) 

To analyze the right hand side of (|5.2|) . we consider first 

T£(8 , z, h) := tr I (H^) - Z y k - ]T ^-f-(H^) - z^~' 



j\d ' ' |E=0 ' ' 



where H e (9 ) is defined by (j4~32"]) . 



Lemma 5.1. For all h <C 1, the function Tr (6q,z,K) is well defined, has an holomorphic contin- 
uation from ri + to Q and, for all W <s O, 

\f*(0 o ,z,h)\ < C w h~ d , zelf. 

Proof. Write first that 

■^-{Heipo) - z)- 1 = - z)- 1 (V(9 ) + d e K s (9 )) {HJfio) - z)' 1 . (5.3) 

de 

Then, an elementary induction shows that the operator 

d? .. / ,=r7Ts -_i V 



is a linear combination of holomorphic finite rank operators with trace norm of order h~ d , for all 
j. This formula for j — p combined with Taylor's formula and Proposition 14.111 shows that the 
operator 

(H^)-z)-'-$2 I^-( J ^)_z) k 1 Q+p [\e-iy- 1 ((HM) ~ ^- 1 V(e )) P {H^-zr'de 
j=o ^° 

is a linear combination of holomorphic trace class operators with norm 0(h~ d ), locally uniformly 
on compact subsets of 17. Using (I3.16p , Proposition 13.31 and (|4.24[) . the fc-th derivative of the 
operator in the integral above is trace class, holomorphic on 17 and with trace norm 0(h~ d ), 
locally uniformly with respect to z. The result follows. □ 

Using (|3.16|) and (|5.2p . we obtain 

T*(ff , V, z) = f p fc (0 o ,z, h) + -Q-±—a%-iA{z, h), Ul,2£ n+, (5.4) 
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where 

A(z,h) = t r ( K (H (9 ) + V(9o)-z)- 1 -(H^ ) )^z)-^ 



E^tr ((H (9 ) + eV(6 ) - z)^ - (Hjfio) z)' 1 . 

3=0 J 1 



that is 

-l 



-A(z,h) =d z \og deti (l+K^z)) -0,^- — L °S h Ge(z,h) le=0 . (5.5) 
by (|4.35p . (|4.4ip and the notation of Propositions 14. 151 and 14.161 

Proof of Theorems [0] and ITTYl By (|5~T|) . (fS~2"l) . (|5~I]) . ([^3]) and (|435]l we have an expression 
of the form (fOO]) with 

<j> p (z, h) = T* (9 , z, h) - ^—^d k z (v Gl {z, ft) - ^ __ Lo g/l G e (z, ft) |e=0 ) (5.6) 

which is holomorphic on Q,. This proves Theorem 1 1 . 31 using Proposition 11.81 with H(f2, hi) the set 
of families of holomorphic functions on fi. 

To prove Theorem 11.71 we simply additionally note that, by Proposition 14. 14l and Proposition 
I4.16) we can find TV > such that, for all W <s f2, 



l + \\{H (e )-Z)- 1 \\ L2 ^ H 2,o) , /i«l, zeW. (5.7) 

Then, Proposition ll .81 gives the result using the space H(fl, hi) of families of holomorphic functions 

locally bounded by (a constant times) h~ d sup Zg0 I 1 + ||(JJo(^o) — ^)^ 1 \\l 2 ^h 2 - ) ■ Note that 
it satisfies (fl~28l) and (fl"29j) . □ 



5.2 Proof of Theorem flTBl 

In this subsection, 7i(f2, hi) denotes the space of families of holomorphic functions (</>(., ^))/ie(o./ii] 
such that, for all W <e n, \<f>(z, h)\ < C w h- d , forzeW and h G (0, hi]. 

For p = 1, the result can be considered as essentially a consequence of [8]. For completeness, 
we give the proof. In that case, <f>i (given by (|5.6p with p = 1) belongs to hi) according to 
Lemma 15.11 Proposition 14.141 and (14.40|) . The result follows then from Proposition 11.81 

In the case p = 2, (|5.6|) gives 

4*{z, h) ~ f 2 fe (9 , z , h) + -1— a^ Gl («, /») = 

— 0* Log h G (z,h) ]£=0 +tr (J-{hM) ~ z)^ ~ ±{H (e ) + eV{0 o ) - z)^\ . (5.8) 



(fc 
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By Lemma [O] Proposition 14 . 1 41 and (|4.40[) . it remains to study the second term of (|5.8p . We first 
remark that this term can be written as the sum of 

tr fe® + eV(9 ) - z% k ={) - ±(H (6 ) + eV(9 ) z)^\ (5.9) 

and 

-d k z -Hx ((H o (9 ) - z)- 1 4/f £ (0 o )|e=o(iW) - z)' 1 ) /(* - 1)!, 

using (|4.32|) and (|5.3ll . This last expression clearly belongs to Tt(£l,hi) by Proposition 14.111 and 
we are left with the study of (|5.9p . 

For that purpose, we use the approximation V n of V introduced in Lemma [4.101 Using (|3.8p . 
Lemma 13.41 and an elementary cyclicity argument, we can write 

tr (i(H^e) + zV n {6) - z)^ s i j = -fctr (v n (0)(H^0) - z)"^ 1 ) . (5.10) 

Writing jj-{H (6)+eV n {e)-z)- k as the derivative of (H (6) +eV n {0) - z)~ k - (H (9) - z)~ k with 
respect to e and using Proposition 14.81 we obtain similarly 

tr (i{Ho(0) + eV n {9) - z)^j = {V n {H - z)- k ~ l ) . (5.11) 

Substracting -fctr (V n {0)(e~ 2ie H - z)" fe " 1 ) to ([5~T0]) and (|5TTT]> and then letting n -> oo using 
Proposition 13. 2\ (|5.9|) can thus be written as the sum of 

- fctr (V(0)((£o(0) ~ z)"^ 1 - (e- 2i6 H - z)-*- 1 )) (5.12) 

and 

lim fctr (V n (H - z)- k - x - V n (0)(e~ 2ie H - z)-^ 1 ) . (5.13) 

n — >oo 

Proposition 5.2. &5.12)) belongs to H(fl, hi). 

Proof. By the resolvent identity, (|4.4|) and Proposition 14. 11[ we have 

(So(0) - z)- 1 - (e- 2ie H - z)- 1 = (lUe) - z^BWie-^Ho - z)~\ 

with B{h) = Qo%(b(h)) for some family (b(h)) h<1 bounded in S 2 '~ N for all N. Using 1(05)1 . the 

operator V(0)((.ffo(0) — z) _fe_1 — (e~ 2ie Ho — z)~ fe_1 ) is therefore a linear combination of operators 
of the form 

y(0)(So(0) - zy^Bih^e-^Ho - z)- k >-\ fci + fc 2 = fc. 

By (|3.4p . (I4.24p and Lemma [3^1 each such operator has a trace norm of order h~ d , uniformly with 
respect to z £ f2, so the result follows. □ 

Proposition 5.3. \5.13\) belongs to H(fl,hi). 

Proof. The operators V n (Ho — z)~ k ~ 1 and V n {0){e~ 2ie Hq — z)^ k ~ 1 are both trace class so we 
compute their traces separately. By writing 

Vn{0) = V n , a ,e(x,h)(hD) a , 
\a\<2 
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we first have 

tr (V n (6)(e- 2ie H - z)-^ 1 ) = {2nhy d ff V v n , a ,o(*, h)C(e' 2ie e ~ z^dxc^. (5.14) 

J J * M H <2 

This holds also for 6 = which gives an expression for tr (V n (Ho — z) _fe_1 ). In the latter case, 
deforming into e^ ie R^, we get 

tv(V n (H -z)- k - 1 )=(2wh)- d J / J2 v n ^,h){e~ w O a {e~ 2te e -zy^e^dtdx, 

^ |a|<2 

and the last integral can be rewritten as 

{2nh)- d [( V v n , a , (Ke(x), h)(e' w O a (e' 2t9 e - z)^' 1 e~ ut '<£ det(d x n 9 (x))dx. (5.15) 
J J ^ d M<2 

To justify this last deformation, one simply notices that J v n , a ,o(Kg(x), h) det(d x Kg(x))dx depends 
holomorphically on 9 and that it is constant for id real and close to zero since Kg is then a 
diffeomorphism from M. d to itself. Now for |x| > R large enough, (independent of n), we have 
Kg(x) = e l8 x and 

v n , a ,o(K$(x), h)e~ tMe = v n ^g(x, h), e~ lde det(d x Kg(x)) = 1. 

Therefore, if we set 

Cn,a,e(x,h) — v niai o(Kg(x), h)e~ l ^ e e~ lde det(d x K e (x)) - v n<a ,e(x, h) 

which is compactly supported, we have 

El = lim k V (2TThy d I t a (e- 2l0 f ~ z)- k ~ l di x / c na g{x,h)dx, 

™~ > °° |T^> J^ d J\x\<R ' ' 

which is easily seen to belong to TC(fl, hi). □ 
The conclusion follows then from (|5.8|) . Propositions 15.21 15.31 and 11.81 □ 

6 A counter example for p = 3 

In this section, we prove Theorem 11.61 We consider Hq = —h 2 -^ on L 2 (IR) and V a compactly 
supported bounded potential. In that case V(H$ — z)^ 1 is in the trace class for all z £ [0, +00) 
hence in any Schatten class S p . For trace class operators K € Si, the formula p.3|) can be written 

( p_1 f-lV' 
3=1 3 

We therefore obtain 

D 3 (H Q , Ho + V; z, h) = D 2 (H ,H + V; z, h)e^ z ^ (6.1) 
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where 

</>{z, h) = tr (V(H - z^ViHo - z)- 1 ) . 

For z — k 2 with Im(fc) > 0, the integral kernel of (H Q — z)^ 1 is ie tk \ x ~ x ^ h /(2hk) and (j)(z, h) can 
be computed explicitly, namely 



^( fc2 ' /l ) = aTTTTI / / V(x)V(x')e 2ih lk \ x - x '\dxdx', 



{2hkf 
-1 



V(y)e 2 ^ lk Mdy, (6.2) 



with 

Setting 
we have 



(2hk) 2 

V(y) = / V{x)V{x - y)dx. (6.3) 
Jn 

V+(y) = l [0 , +oo) + 



0(fc 2 , ft) = -7^2 (Jw^)(2*A _1 ). (6-4) 



where T lnv is the usual inverse Fourier transform 

^inv<?(0 = ^ / e**e 9 (x)dx. 
For example, for the characteristic function T^(cc) = x a (aO := l[-a,a,]( x )-> we have 



(2a -y)+ ify>0, 
(2a + y) + if y < 0, 



where (£)+ = max(i,0). After elementary computations, we also obtain in this explicit case 

«*".*>- »5 + a I (<" rt - , '-i>- 

For fc = z 1 / 2 with Im(fc) < 0, which makes sense at least close to 1, this examples shows that 

\dz4>(z,h)\>exp(a\Im(k)\/h), h<l. 



This proves that the logarithmic derivative of the corrective factor in (|6.ip can indeed blow up 
exponentially, which is a strong form of the estimate (|1.22[) . 

This elementary striking example doesn't however fit in our framework since V is not smooth. 
In particular, it can not be used directly to prove Theorem 11.61 For the latter proof, we need the 
following lemma. 

Lemma 6.1. Let g 6 L°°(R, M) be supported in [0,6], b > 0, but in no smaller interval. Setting, 
for all < V < b and h £ (0, 1], 

a v (h) := sup \e b ' Iia ^ h (F iav gWh)\, 

1<I« l<2 
lm(£)<0, Rg(O>0 

we have 

lim sup Sb> (h) = +oo. 

h->0 
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Proof. We clearly have 

K-FfcvflXOI < ^-|lsll=oe 6|Im(c)l 1 £ G C, lm(0 < 0, 
and (^invS) is bounded for Im(£) > 0. Fix < b' < b. By the Paley- Wiener Theorem, we have 

sup |e- b 'l Im ^l(J- inv5 )(0|-+oo, (6.5) 

Im(£)<0 

otherwise g should be supported in [0, b'} which is excluded. Furthermore, since g is real valued, 
we have 

|(^favfl)(Re(0 + *Tm(0)l = K^invS)(-Re(0 + flm(0)l , 

so the supremum in (|6.5|) can be taken over Re(£) > and Im(£) < 0. Then, using the local 
boundedness of {!F- im g) and by writing the set {£ | Im(£) < 0, Re(£) > 0} as 

U I lm(0 < 0, Re(0 > 0, |£| < 1} U fe > ft I MO < 0, Re(0 > 0, 2 k < \£\ < 2 fc+1 }, 

we have 

limsup sup |e- 6 ' |ImK)l (J 7 invff)(OI = +°°- 

fc^ + OO 2 fc <|{|<2 fc + 1 , 

lm(£)<0, Ro({)>0 

and the result follows. □ 
Proof of Theorem EH Fix V € C^°(R, R) with V ^ 0. By Theorem Ol we can write 
D^(H ,H + V;z,h) = J| (z-w) xexpfefz.ft)) 

where, by Theorem 1 1.5[ 

\d z cp 2 (z,h)\ < h' 1 , zeW. (6.6) 

On the other hand, by (|1.8p . D^(Hq, Ho + V;z,h) can be replaced by the definition (|1.2|) using 
Fredholm determinants. Thus, by (|6.ip . we have 



Di(H ,H + V;z,h)= ]"{ (2-ffl)xc 



w£Res(H n +V,n) 

where 



, ,, , , . 0(z, h) 

tp 3 (z, h) := (f2{z, h) + — - — , 

with <fi given by (|6.4[) . In particular we have 

{d z (f>)(z,h) = _-_^ ( a^ inv v;+)(2z 1 /2^i ) + _JL_ { ^ nv v+ ){2z ^ h -^ = -Z-fpz^h- 1 ), 
where 



with 



9{x) := l[o,+oo)(^ (V(x) + V{-xj) + \xd x (V(x) + V(-xj) 
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Since V ^ 0, we have V(0) = J V 2 > so g is supported in an interval [0, b], b > 0, and no smaller 
one. We then obtain (11.22j) with 5 = 6/4, first remarking that, by (|6.6[) . 

|e 5Im(2l/2)/,l ^ 2 (z,/i)|<l, 

secondly that 

| e « m( * 1/2 )/^ (Z)/l) | > \h-^ sl ^' h ' {T im g){ti/h% t = z^\ h' = h/2, 
and finally using Lemma RTT1 with b' — 6/2. □ 

7 Analytic perturbations 

In this section, we briefly prove a result similar to Theorem 11.51 for p > 3 in the more restrictive 
situation of analytic perturbations. Namely, we consider V with coefficients analytic close to x = 
(uniformly bounded with respect to h) and such that V G V p (9q, Rq, eo), for any i?o > 0. We 
denote by V p (#o,0, eo) the set of such perturbations V and we assume that < 9$ < ir/2. Here 
p > is arbitrary. 

In the following lemma, we first check that we can approximate such operators by fast decaying 
ones. To avoid any confusion with (x) = (1 + \x\ \ 2 + ■ ■ ■ + l-T^j 2 ) 1 / 2 , we set 

((x)) = (1 + x\ H h x 2 d ) 1/2 , for x e C d such that 1 + x\ H hi^ (-oo, 0], 

using the principal determination of the square root mapping C\ (— oo, 0] into e l (~ 7r/ ' 2 ' 7r/ ' 2 ) (0, +oo). 

Lemma 7.1. Let 

Xn(x) = exp (-{(x))/n) , n » 1, x G K d . 
If eo is small enough, then, for n > n$ large enough, 

V n ■= XnVXn 

belongs to V^(^0) 0, eo) for all d > d, the sequence (V^)„>„ is bounded in V p (0q,0, eo) and, for all 
p' < p and all s, a £ R, 

||F„ - V\\ H s^^ H s-2,a+p' ->• 0, 71 -> oo, (7.7) 

/or allh<^l. 

Proof. The proof is similar to the one of Lemma [4.10l (and anyway fairly elementary). The only new 
point to check is that the coefficients of V n belong to V^(9 , 0, eo) and are bounded in V p (9o, 0, eo). 
Indeed, for r = e l9 t, with t > and 9 G [0, 9 ], and for uj such that dist C d(oj, § d_1 ) < e , we first note 
that, if eo is small enough, r 2 ui 2 £ (— oo, 0]. Furthermore, if t is large, 1 + r 2 uj 2 = t 2 e 2ie (1 + o(l)), 
thus 

Re((ra)) > tcos(0). 

It is then easy to check that, for all a, d a \n is bounded on E(#0j0, eo), uniformly with respect 
to n > 1. Since the coefficients of V n are linear combinations of products of coefficients of V by 
XndxXn, we see that (V n ) n >i is bounded in V p (^07 0, eo). It also clearly belongs to G V^(#o, 0, eo). 
□ 
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We next give an elementary deformation result along e l6 M. d . Let us denote 

V da (6) := Y, v a (e t0 x,h)(e- w hD) a , 

\a\<2 

if V = J2\ a \<2 v &(x, h){hD) a , that is (JOJ) with k(x) = e w x and P = V. For £0 G E, we also have 

Vm(e) = U da (i6)VU da (%6)*, 
where Udn(t) is the generator of dilations introduced for similar purposes in [I] 

U da {t)u{x) = e w / 2 it(e*a;). 
Lemma 7.2. Let fc > d/2 + 1. For a// n > 1, G [0, O ], z G fi+ and j > 1, 

tr Q^(IT + sK - «)ji ) = tr ^(e- 2ie H + eV^B) - z)^ ) . (7.8) 

Proof. For £0 £ K, the result is obvious since the right hand side of (|7.8|) reads 

tr \-gU AiX {ie){H + eV n - z)- k U^{id)\ e ^ 

On the other hand, ^ I4,dil(0) is holomorphic from (O,0 O ) + i(— 1,0) to £(iT 8 s + 2 >°', H*f +1 ), for 
all s G N, cr G K and d > d. It is also continuous for G [0, O ] + £[—1,0]. Since e~ 210 H Q - z 
is invertible, Proposition 13.21 proves the existence of the resolvent (e _l26l Ffo + sV nt da(6) — z)^ 1 
for e small enough (depending on h but this harmless for we shall eventually set e = 0). It is 
then holomorphic for 6 G (0, 6q) + £(— 1, 0) and continuous for G [0, 0o] + £[— 1, 0], with values in 
C(H^ a , Ff s s c +2,cr ). Therefore the expression of the right hand side of (|7.8p given by Proposition ^. 31 
is holomorphic with respect to G (0, 0o) + £(— 1, 0), continuous on [0, 0o] + £[— 1, 0] and constant 
on £[—1,0] hence constant in [0, 0o] +£[—1,0] by analytic continuation. This completes the proof. 
□ 

Next, using Propositions 13.11 13.21 13.31 Lemma [7.11 and the notation (|3.17[) . we can write, for 
each z G f2 + , 



( P (k,z,h) = lim T k (H Q ,V n ,z), 



that is the limit of 



p-i \ ( Ai \ 
tr ((Jf„ + K - ^)" fc - (#o - zY k ) - Y ~ tr xj^o + eV B - *)^ ) - 

.7=1 J ' ^ 6 ' 



or, by Lemma [7~2l the limit of 

p-i 



tr 



((JTo + K - ^ fc - (#o - ^)- fc ) - Y V (fl^ 2t6aHa + £F ».du(^o) - z)i^o) 

.7=1 J ' ^ £ ' 



Observing that Proposition 14.111 can be extended to the sequence V n (ie that the corresponding 
finite rank operators K n (9o) converge as n — > +oo), this limit is the sum of 



p_1 1 6? 



tr ( (^(00) - z)- k - (H o (0o) - z)- k - Y ^^ 2l9 " Ho + eV ^ e ^ - z )k=o ] . ( 7 - 9 ) 
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and of 

Qfc-l 



(k-1) 



— (a z logdeti (l + K^z)^ -a.logdet! (l + K (e ,z) 



Y] 7 — l —r k - + 4>{z,h), 
^-^ (w — z) K 

w£Rcs(H + V,n) v ' 



with (f)(z,h) holomorphic on f2 and 0(h~ d ) locally uniformly. This follows from (j4. 32[) . (|4.35|) . 
(|4.38|) , Proposition 14. 141 and from the absence of resonances for Hq. The operator inside the trace 
in (17. 9p is trace class because it is the sum of of 

(Hjjh) z)- k £ L *( e - 2i(> °H + eV da (Oo) z)^, (7.10) 

and of 

{H^)~z)- k -(e~ 2t9 °H -z)- k 

which is 0(h~ d ) in the trace class for z G fl by Propositions [3J][32] (recall that H (6 ) - e~ 2i9 °H 
is compactly supported) and 14.111 using the elementary bound \\(e~ 2l6 °Ho — z)~ 1 \\ L a_ t .jj»,o < 1. 
Setting 

V(d ) := Hrffa) - (e- 2t6 «H + V dn {9 )) 
which is compactly supported, (|7.10p is the sum of the trace class operators 

4-?7 ( (e- 2l6o H + sV dil (9 ) + sV(9 a ) - z)- k - (e- 2ie °H + sV dil (9 ) - z)- k ) 

j \ as 3 V / | e =0 



and of 

p-i 



(e- 2t9 "H + V d n{0 ) + V(9 ) - z)- k - V 1^ (e~ 2ie °H + eV m (6 ) + eV(9 ) - z) * . 

*r~L v. as 3 V / |e=o 

1=0 J 



which are all of order h d in the trace class, locally uniformly with respect to z G f2, by Proposition 
331 (|3~T8]) . Proposition I4TT1 and again the estimate \\(e~ 2ie °H - z^^^^^.o < 1. 
Using Proposition ll.8[ we obtain the following theorem. 



Theorem 7.3. Let p > and p E N such that pp > d. Let ft (g e _l(2e °' c) (0, +oo) be a simply 
connected open subset with < 9q < ir/2, e > small enough and satisfying H1.18\) . Then, if 
V E V p (9q, 0, eo), any tp p as in Theorem ] 1.3\ satisfies, for all W <e fi, 

\d z <p p (z,h)\ < C w h~ d , zeW,fi«l, 



Acknowledgement. We are pleased to dedicate this paper to Didier Robert. It was started on 
the occasion of his 60th anniversary and answers a question he raised a few years ago. 
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